SUBREPRESENTATIONS IN THE POLYNOMIAL 
REPRESENTATION OF THE DOUBLE AFFINE HECKE 
ALGEBRA OF TYPE GL„ AT t''+^q'-^ = 1 

MASAHIRO KASATANI 

Abstract. We study a Laurent polynomial representation V of the double 
afRne Hecke algebra of type GL„ for specialized parameters t'°+^g''~^ = 1. 
We define a series of subrepresentations of V by using a vanishing condition. 
For some cases, we give an explicit basis of the subrepresentation in terms 
of nonsymmetric Macdonald polynomials. These results are nonsymmetric 
versions of |7| and 



1. Introduction 

In 1990's, Cherednik introduced the double affine Hecke algebra [T]. In terms of 
the polynomial representation of the algebra, Macdonald's conjecture was solved in 
[2], [3] for reduced root systems (and in mj.^SI for non-reduced (C^, C) case). For 
the root system of type A, a classification of irreducible representations of a certain 
class is given in 0, ^1], ^S]. In it is shown that finite-dimensional quotients of 
the polynomial representation by the kernel of some degenerate bilinear form are 
irreducible. 

The double affine Hecke algebra Tin of type GLn is an associative algebra with 
two parameters t,q generated by Xi, and (1 < i < n, 1 < j < n — 1) 
with some relations. The algebra 7i„ has a basic representation U on the ring 
of n- variable Laurent polynomials. The representation U is irreducible and Y- 
semisimple, namely the operators Yi are simultaneously diagonalizable on U. The 
nonsymmetric Macdonald polynomial is defined to be a monic simultaneous eigen- 
vector for Yi. 

In this paper, we specialize the parameters at t'^+^q''"^ = 1 for 1 < fc < n — 1 
and 2 < r. To be precise, introduce a new parameter u and specialize 

(1) = 

Here, M is the greatest common divisor of(fc-|-l,r — 1) and r — exp(2^;^^). We 

(k r) 

denote by Tin '' and V ^ the corresponding algebra and its polynomial represen- 
tation. The representation V can have subrepresentations and they may not be 
y-semisimple. 

In and [S], a series of ideals in the ring of symmetric polynomials with n- 
variables are defined by vanishing conditions, and explicit bases of the ideals are 
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given in terms of symmetric Macdonald polynomials specialized at The van- 
ishing conditions for symmetric polynomial / are as follows. Fix m > 1. 

f{xi, ■ ■■ ,Xn) = if Xij^^j = Jq"'-" (l <l < m,l < a < k) 

where ii^a are distinct, Sj.i G Z>o, X]i=i ^j-i < r ~ 1. 

This is called the wheel condition for symmetric case. In the case m — 1, the basis 
of the ideal is given in T, by Macdonald polynomials P\ specialized at ^ with 
partitions A satisfying A^ — Ai+fc > r for 1 < i < n—k. In the case (fc, r, m) = (1, 2, 2), 
the basis of the ideal is given in [H] by linear combinations of Macdonald polynomials 
at Also, a similar ideal in the ring of BC-symmetric Laurent polynomials is 
investigated in [5]. 

These ideals are invariant under the multiplication by symmetric polynomials 
and Macdonald's ^-difference operators. The former actions are symmetric polyno- 
mials of Xi and the latter actions are symmetric polynomials of Yi. Moreover, the 
action of Ti on any symmetric polynomial is a multiplication by a scalar. Hence the 
ideals are representations of the subalgebra of Tiit'^^ generated by {C(u) [Xi , • • • , Xn] 
C(m)[Yi,-- - ,r„]®", Ti,-- - ,T„_i}. 

In this paper, we consider a nonsymmetric version of these ideals. In other words, 
we construct a finite series of subrepresentations in V of the whole algebra 'H^'^\ 
In order to obtain them, we define a vanishing condition as follows. Fix to > 1. 

f{xi, • • • , a;„) = if Xn ^^^ = x^^ Jq'"-'' {I < I < m,l < a < k) 
(2) where ii^a are distinct, si,a G Z>o, 

Y.i=i Si, a <r -2, and ii^a < ii,a+i if S;,a = 0. 

We call the vanishing condition (jJl the wheel condition for nonsymmetric case. 

(k r) 

Denote by /m ' the space of Laurent polynomials satisfying the wheel condition 
©• 

Let us state the main theorem in this paper. Define S^'^''") = {A G Z"; for any 
1 < a < n - k, X.^^ - X^^^^ > r, or Ai„ - A^^^^^ = r - 1 and ia < ia+k }■ Here, 
we determine the index (ii,--- ,z„) — w ■ (I,-- - ,n) using the shortest element 
w G W = S„ such that X = w ■ X'^ where A^ is the dominant element in the orbit 
WX. The result is 

Theorem 1.1. The ideal is an irreducible representation of Tiiti'^^ and it is 

Y -semisimple. For any X G B^'^'^\ the nonsymmetric Macdonald polynomial E\ 
has no pole at Q. Moreover, a basis of the ideal J^*^''^-' is given by {Ex; X G B^'^'^^} 
specialized at Q. 

For the proof of Theorem ll.il we first show that these polynomials have no pole 
at and they satisfy the wheel condition if they are specialized at ^ . We use the 
duality relation for nonsymmetric Macdonald polynomials (see (O in Proposition 
12.21) and we count the order of poles and zeros in order to check the statement. 
This gives a lower estimate of the character of the ideal. 

Next, we give an upper estimate of the character of the ideal. We introduce the 
filtration V(^m) = spanja;'^; A G Z„, |Ai| < M} and define a non-degenerate pairing 
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between V(m) and the n-th tensor space i?M,n = (spanjed; —M < d < M})®". We 
give a spanning set of the quotient space of i?M,n which has the same character as 

li"''^ nV(^M)- 

FinaUy, we show irreducibihty by using intertwining operators. These operators 
send one eigenvector to another eigenvector. We show that Ex for any A £ iJ^'^''") 
is a cychc vector of 

For the case n = fc + 1, we also show that y/lj""^''^'' is irreducible and we give 
an explicit basis of V/ We expect that all subquotients ^m'^^V^m-i of the 

series are irreducible. 

The plan of the paper is as follows. In Section 2, we review the double affine 
Hecke algebra, the polynomial representation U, the nonsymmetric Macdonald 
polynomials E\, and intertwiners. In Section 3, we state the wheel condition and 

(k r) 

show that it determines a subrepresentaion Ii ■ In Section 4, we give a lower 
estimate of the character of /]; using nonsymmetric Macdonald polynomials. In 

(k r) 

Section 5, we give an upper estimate of the character of !{ ' , and we show that 
I^'^''^^ is irreducible. In Section 6, we define a (finite) series of subrepresentations 

( k r) 

Im the wheel condition. The series contains the irreducible representation 

/j'^''^-' defined in Section 3. We also treat the case n — k + 1 in Section 6. 
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2. Double affine Hecke algebra and nonsymmetric Macdonald 

polynomials 

In this section, we review the double affine Hecke algebra of type Gi„, nonsym- 
metric Macdonald polynomials, and intertwiners. For more details, see, e.g., In 
this paper, we follow the notation in 11 . 



2.1. Double affine Hecke algebra of type GLn- Let K be the field C{t^^^,q). 

Definition 2.1. The double affine Hecke algebra 7i„ of type GL^ is an associative 
K-algebra generated by 

{Xi , ■ ■ • , ,Yi , • ■ • , y„ , Ti , ■ • • , Tn-i) 
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satisfying the following relations: 

X^^ are mutually commutative and XiX~^ = 1, 
Y^^ are mutually commutative and YiY~^ = 1, 

(T,-tV2)(T.+ 4-1/2) =0, 
Jj-'j+l-'j — -ti+l-ti-ti+l) 

TiTj=TjTi {\i-j\>2), 
TiXiTi = Xj+i , 
TiXj=XjTi + 

T-'Y,T-'=Y,+,, 

T,Y,^Y,T, {j ^1,1 + 1), 

Y^^X^Y^X^^ = Tl 

Y,X = qXY, where X = X,, 

X,Y = q-^YX, where Y - nr=i 

2.2. Polynomial representation. The algebra ?i„ has a basic representation on 
the ring of Laurent polynomials U = K[a;f ^, • • • , x^^]. 

Xi I ^ , 

^ f'/\s, + — -— -1), 

Xi/X^+I - 1 

Yi • • • Tn-i_ix)T-^ ^T^ ^ ■ ■ ■ 2^j_i- 

Here, Si is the permutation of the variables Xi and x^+i, w = s„_i • • • siTi, and 
TiXj = q^'^Xj. Namely, u}f{xi,X2,--- ,Xn) = f{qXn, Xi,X2, - ■ ■ ,Xn-i) for any / e 
U. 

2.3. Nonsymmetric Macdonald polynomials Ex- The representation U is semisim- 
ple with respect to the action of {1^} and it has simultaneous eigenvectors labeled 

by A G Z". We call such eigenvectors Y -eigenvectors. The monic y-eigenvccrtors 
are called nonsymmetric Macdonald polynomials. To describe eigenvalues, we use 
the following notations. 

Denote the standard basis of Z" by {ei}. We identify the weight lattice P of 
type GLn with Z". For A G P, let us denote by Xi the i-th component of A. Let 
A+ = {a — ej]i < j} be the set of positive roots for An-i and W = &n the Weyl 
group. Set P+ = {A S P; (A, a,) > for any i} and write the dominant element 
A+ e P+ n WX. 

1 /n— 1 n — 3 n— 1 

^"2 ^ ' 2 



X{a) = 



aGA+ 

+1 (a > 0) 
-1 (a < 0) 
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The element p{X) is equal to w\p where wx G W is the shortest element such that 
A = w\X^. Note that p{X)i > p{X)j if (A^ > A-,) or (A^ Xj and i < j). 

We define the ordering y by X y p ^ (A+ > or (A+ = /i+ and X > p,). Here 
> is the dominance ordering: X > p ^ Sj"=i — ^'^^ ^ 1^ I 1^ n. The 

operator Yi is triangular with respect to the ordering 

We write f{t^P''^'>q^^) = f{t^P^^'^^q^^\ - ■ ■ , t±''(^)"g±^"). The nonsymmetric 
Macdonald polynomial E\ is defined to be the monic ^-eigenvector: 

/(y)^A = fitP<-^U^)Ex for any feu, 
Ex = + J2 cx^t^^^ ■ 

The nonsymmetric Macdonald polynomials form a basis of U . 

2.4. Duality relation. For any X E P and / G t/, we use the notation 

uxif) - f{t-P^^k-^)- 
For example, ux{xi) = t^P'^^^'-q^^'^ . 

Proposition 2.2 (duality^). Two nonsymmetric Macdonald polynomials Ex and 
Ef^ satisfy the following relation. 



(3) 



u^{Ex) _ ux{E^) 



uo{Ex) uo{E^,) 

2.5. Recurrence formulas for uo{Ex). We have the following recurrence formu- 
las for uq{Ex) = Ex{t-P). 

Lemma 2.3. We write ljX — (A2, • • ■ , A„, Ai + 1). Then we have 

uo{E^x) = uoiEx) ■ tP^^^\ 

Lemma 2.4. Suppose X ~< SiX {namely, {X,ai) < 0). Then we have 

/p, X fj^ . ^^ tuxjxjxi+i) - 1 
uq{Es^x) = uo[Ex) ■ t — -. 

ux[Xi/Xi+i) - 1 

2.6. Intertwiners. There exist some operators which create E^^x and Eg^x from 
Ex- In other words, they intertwine the eigenvectors. This is due to Cherednik (see 
e.g. HI). Especially for GL„ case, see also JO] and pil. 

Lemma 2.5 (operator A). We set uj = (Ti • ■ •T„_i)~-'^Yi and A ~ luXi. Then we 
have, 

AEx - q^'+^E^x- 
Lemma 2.6 (operator Bi). We set 

tl/2_t-l/2 
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Note that for any A G P, the denominator is not zero. For simplicity, we write Bi 
when Bi{X) acts on Ex. 

If s,\ >■ A, then B,Ex = t^^'^E^^x- 
Ifs,X = X, then B,Ex ^ 0. 
If s,\ -< A, then B,Ex = t~^/^ 

{t^'^ux(xi/xi+i) - l){tux(xi/xi+i) - 1) ^ 
{ux{xi/xi+i) - 1)2 

Note that the group action generated by uo^^ and Si on P is transitive. Hence 
by applying the intertwiners A and Bi^ we see that Ex is a cyclic vector in U for 
any A G P. Namely, U is irreducible. 

3. Irreducible representation defined by wheel condition 

In this section, we impose the specialization of parameters JQ. Namely, let 
fc, r be integers with n — 1 > fc > 1 and r > 2, and we specialize parameters 
^fc+i^r-i _ ^ |-jg precise, introduce a new parameter u and specialize (<, (/) = 
^y-(fc+i)/M^^ Here, M is the greatest common divisor of (fc + 1, r — 1) 
and r = exp(2^). 

Take 

K' = {c e K; c is regular at (HJ }, 
Hn = {h ^ Hn', h is regular at ^ }, 
U' = {f eU; f is regular at |(TJ }, 

and let K, Ti'^n'^^ and V be the images of IK', and U' by the specialization J^l- 
Note that K = C(u) and = K[2;f\ • • ■ 

In this situation, we construct an ideal of V defined by a certain vanishing 
condition. This gives an irredicble representation of Tin ' . 

Definition 3.1. Define 

^(fc,'") — {(zi, ■ • ■ , Zn) e K" ; there exist distinct ii, ■ • ■ , ik+i G {1, ■ • • ,n} 

and positive integers si, • ■ • , Sfe+i G Z>o 
such that Zi^^i = Zi^tq"" for 1 < a < ^, 
Z]a=i Sa <r - 2, and < i^+i if Sa = 0}. 

We define the ideal 

j(k,r) = {J £ ^. ^ for any z G 

We call the defining condition of /C^-'') the wheel condition. 

Remark 3.2. Let us denote the relation zj ~ tq^Zi by Zi A Zj. Take an element 
z G Z^^'^\ Then there exist (ii, • ■ • , ife+i) such that 
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Note that Sk+i := r — 1 — J2a=i — 1' ^^^'^ the speciahzation t^^^q^ ^ ~ 1 imphes 
that ^i^^i Zij. It looks hke a wheel. This is the reason why we call such a 
condition the wheel condition. 

Remark 3.3. The wheel condition is originally appeared in [7] as a vanishing 
condition for symmetric polynomials on the set zi^m = {(-^i, • • • ,-2n) G IK"; 
3si,--- , Sfc G Z>o such that Za+i = Zatq^" for 1 < a < /c, X]a=i '^a < ~ !}• 
The set Z^Jym is apparently different from Z^^''^\ However, for symemtric polyno- 
mials, the vanishing condition on Z^Jym is equivalent to that on Z^^''^\ 

Now we describe the first main statement. 

Proposition 3.4. The ideal /C^^'') is a representation of the algebra 'H^'^\ 

Before giving the proof, let us give equivalent definitions of the ideal /C^''"). We 
can reduce the set Z^'^''") to smaller subsets. 

Definition 3.5. Let A G P. Suppose that (ua(xi),--- ^u\{xn)) G Z^*^'*"). Then 
there exist • • • , ik+i) and si, • • • Sfc G Z>o satisfying 

u\{xi^^^) = uxixijtq'^'' for 1 < a < fc, 

«a < 7" - 2, and ia < ia+l if Sa = 0. 

We call such (ii,-- - ,«fc+i) a wheel in A. For some a G &k+i, if i^fc+i) 
and cr(ii, • ■ • ,ik+i) = (icr-i(i), • ■ ■ ,*(T-i(fe+i)) are wheels in A, we identify them. In 
such a case, we see that ^(zi, • • • , ik+i) ~ [ia, ia+i, • • • , ik+i, «i, • ' ' ; ia-^i) for some 
l<a<fc + lby the definition of wheels. Denote the number of equivalent classes 
of wheels by tt('=''')(A). 

We shall introduce two subsets S'^'''^^ and 5"('=''") in P. 

Definition 3.6. Let a,b be integers with a > 2 and 6 > 1. Take A G P. We call 
(i,j) is a neighborhood of type (a, b) in A if (i) and (ii) hold: 

(i) p{X), - p{X)j = a - 1, 

(ii) (Ai — Aj < 6 — 1), or (A^ — Xj = b and j < i). 

Definition 3.7. We define S^''''^^ {A G P; A has a neighborhood of type (fc + 
l,r-l) } and S"^'"'"''' = {A G S'^'^'"); A has a neighborhood {i,j) of type (fc + l,r-l) 
such that Xi ~ Xj < r — 2 }. 

Fix A G S'C'^'') and let {ii, 12, ■ ■ • , in) = w\ ■ {1,2, - ■ ■ , n). 

Suppose that (i/, ii+k) is a neighborhood of type (fc-|- 1, r — 1) in A. If A,;, — A^^^^. < 
r - 2, then (i;,«;+i, • • • ,ii+k) is a wheel in A. If A^, - A^,^^ = r - 1 and ii+k < 
then (i;+a, ■ ■ • , ii+k- iw ' ' j */+a-i) is a wheel in A. Here, we take a > 1 satisfying 
X'ii — Aij^j _ . . . _ Aij^^ j > Ajj^^ . 

Suppose that {ii,ii+k) and (?m,im+fc) are different neighborhoods of type (fc + 
l,r — 1) in A (namely I =/= m). Consider the wheels in A defined in the previous 
paragraph. Then we see that these wheels belong in different equivalent classes of 
wheels. Hence tl'-'^'''^(A) is greater than or equal to the number of neighborhoods of 
type (fc + 1, r — 1). 
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Example 3.8. (?i = 3, A: = 1, r = 2): The set i'^^-^) ^nd S"^^'^) are given as 
follows: 

S'-'^'^^ — {(Ao, Ai, Ai), (Ai, Ao, Ai), (Ai, Ai, Aq), 

(Ao, Ai, Ai + 1), (Ai, Ao, Ai + 1), (Ai, Ai + 1, Ao), 
; Ao, Ai G Z}, 
^ ^(^Xo, Ai, Ai), (Ai, Ao, Ai), (Ai, Ai, Ao), 
; Ao, Ai G Z}. 

Remark 3.9. Denote = n and i = i for 1 < i < ?i — 1. Then {ii, ■ ■ ■ ,ik+i) 
is a wheel in A if and only if (i^ — 1, • ■ • , ik+i — 1, ii — 1, • ■ ■ , ia-i — 1) is a wheel 
in ujX for some 1 < a < fc + 1. We also see that («, j) is a neighborhood of type 
(a, b) in A if and only if (i — 1, j — 1) is a neighborhood of type (a, b) in toX for any 
a > 2,6 > 1. 

Lemma 3.10. The ideal I^^^^^ coincides with the following ideals: 

Ji = {/ G V- uxif) = for anyXeP satisfying ^(^^^^^X) > 1}, 

J2 = {/ G V; uxif) = for any X G 

J3 = {/ G y;wA(/) = for any X G S'C''^''}. 

Proof We see that {A G P-J^''''^'' {X) > 1} D S'^'^''') D S"^'^^''^ Hence Ji C J2 C J3. 
If / G then by the definition of jjC"''"), we see / G Ji. 

Let us show that J3 C Fix an element / = '^^izpCfj.x^ G J3. Denote 

max{|/Xi|;Cp ^ 0, 1 < i < n} by deg(/). and take an integer N > 2(deg(/) + 1). 
LetM>2iV + 2[^;^](r-l). 

Take A*^°^ G 5"*^*^'''-' satisfying the following condition: 

for some 1 < ^ < n — fc, 

A(°) has a neighborhood {ii^ii-\-k) of type (fc + l,r — 1) 
such that Xf^ - Xf^ < r - 2, and \xf^ - A^ | > M 
for any 1 < i ^ j < n except for (i, j) = (ia, i{,) < a, 6 < / + fc). 

Here we set (ii, • • • , ««) = Wxm ■ (1, • • • , ?t-)- We see that '^^^'^\X^°^) = 1. Define a 
finite set 

5(A(")) - {A G P; < a, - Af ^ < iV for i ^ • • • , ii+u). 

We see S'(A(°)) c S"('='''). Thus ua(/) = for A g S'(A(°)). Because / is a Laurent 
polynomial of 2deg(/) < N, we see that f{z) = for any z G satisfying 

= U;^(o)(a;iJ and z^^^^ = tq <a<k). 

Choose any A^"^ satisfying Then by a similar argument, we see that f{z) = 
for any z G ZC^^""). Therefore / G □ 

Proof of Proposition We consider the actions of generators Ti,X^^ and Y^^^ 
(1 < i < 71 - 1, 1 < j < n). By the definition, we see Xf^f = xf^f G for 
any / G Since Y^^^ is a linear combination of products of and T^, it is 

sufficient to show that w±V and Tif G /C'''^) (1 < « < n - 1) for any / G 
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Fix an element / G Similarly to Lemma IH.IOI take an integer N > 

2(deg(/) + 1) and let M > 2iV + 2[^](r - 1). Take A^") G S"^'^''') satisfying (gj) 
and define a finite set 

5(A(")) = {AeP;0< A, -Af^ < N for t ^ ii, ■ ■ ■ 

Let us show u\{uj^^f) = for any A G S'(A*^°-'). By the definition of u\ and lo, 
we see u\{uj^'^ f) — u^±i\{f). Since w^-^A belongs to S^^'^^ for any A G S'(A'^°)), we 
see {u^±i\{xi), ■ ■ ■ , Ui^±i\{xn)) G Z'-'''^\ Hence we have u\{uj^'^ f) = 0. 

Let us show u\{Tif) = (1 < i < n - 1) for any A G S'(A(°)). Recall T^ = 
+^~V2 *W^i+^i-i g.^ gij^gg ^ 0, it is easy to see that 

/ tl/2_i-l/2 

-, -/ 

V Xi/Xi+l-l 

Let us show that 

(5) MA t ' — -, -S.J = 0. 

V Xi/Xi+l-l J 

If \i = then jSJl holds because UA(tei/a;i+i) = 1. If A^ ^ A^+i, then SjA G 

gi{k,r) _ xherefore ux{sif) = Us^\{f) = 0. Hence © is proved. 

We have proved that ma(w±i/) = '«a(TJ) = (1 < i < for A G S{\^°^) and 

for any choice of A^"' G S"('=''') satisfying Q. Note that 2 deg(w/), 2 deg(T,/) < N. 
Hence from the same argument as Lemma 13.101 we see that and T,f G 

(1 < 2 < n — 1). Therefore the desired statement is proved. □ 

Now we come to the main theorem of the paper. Set ijC^''') = P\S'^'''^\ 

Theorem 3.11. The ideal /C^^'') is irreducible. For any A G bC^^''), the nonsym- 
metric Macdonald polynomial E\ has no pole at the specialization Q . A basis of 
j(k,r) giyen by {Ex;X G S^^''")} specialized at (Q). 

We give a proof of the theorem in the next section. 

4. Proof of Theorem 13. Ill 
We use the following notation for multiplicity of zeros and poles. 

Definition 4.1. Let M be the greatest common divisor oi k + 1 and r — 1. For 

c G K, denote by C(c) the integer satisfying 

where c' G K have no zero or pole at Q. 

Note that C(c) is the order of zeros or poles of c at the relevant irreducible 
component of t^^^cf^^ = 1. 

To prepare for the proof, we give a key lemma. This lemma claims that the 
changes of U'^'^''') (A) and ({uo{E\)) when Si acts on A are related to the value of 

Ux{Xt/Xi+i). 
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Lemma 4.2 (Key Lemma). Suppose SiX >- A. 

(j) //^('^''■'(s.A) < f^'^^^X), then ux{x,/x,+i) - t^K 

(s, A) > ^('^^'^'(A), then uy,{x,/x,+^) = t. 
(ii) We have |C(uo(£^s.a)) - C(uo(-Ba))| < 1- Moreover, 

ux{xjxi+i) = t-'^ ^ C{uo{Es,x)) = C{uq{Ex)) + 1, 

ux{xi/xi+i) = 1 ^ C(wo(£^^,a)) = CK(£^a)) - 1- 

Remark 4.3. In fact, the converse statements for (i) are true. Here we omit them 
because we do not use them for the proof of Theorem 13. Ill 

Proof, (i). Fix (ii, ■ • • , ik+i) G {1, • • ■ , n}'^^^ {ia are distinct). 

Suppose {i,i + 1} ^ {ii, • • ■ ,ik+i}- Then, (ii, • • • ,ik+i) is a wheel in A if and 
only if Si(ii, • ■ • , ik+i) is a wheel in s^A. 

Suppose {i, i + 1} C {ii, • • • , ik+i}- (Case a) If (zi, • • • , ik+i) is a wheel in A and 
Si(ii, ■ ■ ■ , ik+i) is not a wheel in s^A, then by the definition of the wheel, ^^(xi+i) 
must be equal to u\{xi)tq^ . Thus Ui\{xi/ Xi+i) = t^^. (Case b) If (ii, ■ ■ ■ ,ik+i) is 
not a wheel in A and Si{ii, ■ ■ ■ , ik+i) is a wheel in s^A, then by the same reason as 

(a) , we see Us.x{xi/xi+i) — t^^. Note that ux{xi/xi+i) = Us.\{xi/xi+i)~^ . Hence 
if the case (a) (resp. (b)) occurs for {ii,--- ,ik+i), then the case (a) (resp. (b)) 
does not occur for any other ■ ■ ■ ,i'f^^i) such that {i,i + 1} C ■ ■ ■ ,i'k+i}- 
Namely two cases (a) and (b) do not concur. 

Hence, if tt('=''') (s,A) < ^'■'''''\X), then the case (a) does occur and the case (b) 
does not occur. Thus ux{xi/xi+i) = t^^ . If jj'^''''''' (siA) > jj^'^'') (A), then the case 

(b) does occur and the case (a) does not occur. Thus ux{xi/xi+i) = t. 

(ii). This is obvious from Lemma [2.41 □ 

In the proof above, we see the following fact. 

Remark 4.4. The relation jj(''''')(A) > tt^'''''^(siA) holds if and only if (ii, ■ • ■ , ik+i) 
is a wheel in A and Si(«i, • • • ,?fe+i) is not a wheel in siX for some (zi, • • • ^ik+i)- 
Conversely, the relation jj^'^'''') (A) < jj*-'"^''-' (s^A) holds if and only if (ii, ■ • ■ , ik+i) is 
not a wheel in A and Si{ii, • • • , ik+i) is a wheel in s^A for some (ii, • • • , ik+i)- 

Definition 4.5. We introduce an equivalence relation "intertwined" generated by 
the following two relations: 

(i) We call A and loX are intertwined. 

(ii) We call A and s^A for s^A ^ A are intertwined if ux{xi/ XiJ\-i) ^ l^t^^. 

From Lemma Remark 13 .91 and Key Lemma [4. 21 if A and A' are intertwined, 
then we see that C{ME\)) = CiME\')) and tt('=''^)(A) = tJ('=''-)(A'). Moreover, if 
have no pole at Q), then by applying intertwiners A and -Bi, we obtain Ex'. 

There is a connection between the number of neighborhoods of different types. 

Lemma 4.6. Take A G P and let a > 2, b > 1, d > 1, and m > 1. 

(i) If there exists a neighborhood of type (a + d, b) in X, then there exist d + 1 
neighborhoods of type (a, b) in X. 

(ii) If there exists a neighborhood of type (m(a — 1) + 1, mb) in A, then there exists 
a neighborhood of type (a, 6) in X. 
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Proof. Let (ii, • • • , z„) = WA • (1, • • • , "•)■ 

(i) . Suppose that (ii,ii+a+d-i) is a neighborhood of type {a + d,b) in A. Set 
Ij :— {ij, ij+a-i) (l ^ j ^ l + d). If there exists j such that Ij is not a neighborhood 
of type (a, 6), then A^^ - Xij^^_i > b or \i. - Xij+^_i = b and < ij+a-i- Thus, 
•^ii - -^ii+a+d-i > b 01' ~ K+a+d-i = ^ and < ii+a+d-i- However this is 
inconsistent with the fact that («;, ij+a+d-i) is a neighborhood of type (a + d,b). 
Hence any Ij (I < j < I + d) is a. neighborhood of type (a, b). 

(ii) . Suppose that (i;, i;+m(a-i)) is a neighborhood of type (m(a — 1) + 1, mb). 
Set /j := (ii_|_(j_i)(a-i),«z+j(a-i)) (1 < J < ™)- Assume that no pair Ij is a 
neighborhood of type {a,b). Then for any 1 < j < m, we see Xi^^^^_-^^^^_-^^ — 
K+Ha-i) > b K+u-i)(a-i) - K+j(a-i) = ^ Slid + (j _ 1 ) ( a - 1 ) < *i+j(a-i)- Hence 
K - K+rr.(a-i) > "^^ o^' " ^»i+™(a-i) = ^ud < ii+m(a~i)- Howcvcr 
this is inconsistent with the fact that (i;, z;_|_m(a-i)) is a neighborhood of type 
(m(a — 1) + 1, mb). Therefore there exists at least one Ij which is a neighborhood 
of type (a, 6). □ 

Lemma 4.7. // A has a neighborhood of type {m(k + 1), m(r — 1)), then A has a 
neighborhood of type (fc + 1, r — 1). 

Let d > 1. If X has a neighborhood of type {m{k -\- I) + d, m{r — 1)), then X has 
two neighborhoods of type (fc + 1, r — 1). 

Proof. If A has a neighborhood of type (m(fc + 1), m(r — 1)), then from Lemma 14.61 
(i), A has a neighborhood of type (mk + l,m{r — 1)). Thus from Lemma I4.t)l fii). A 
has a neighborhood of type (fc + 1, r — 1). 

If A has a neighborhood of type (m{k + 1) + d, m{r — 1)), then from Lemma 14.61 

(i) , A has a neighborhood of type (m(fc + !) + !, m(r — 1)). Thus from Lemma 

(ii) , A has a neighborhood of type (fc + 2, r — 1). Therefore from Lemma [4.61 (i). A 
has two neighborhoods of type (fc + 1, r — 1). □ 

Let us show that any element in ijC^^'') is intertwined with each other. 

Definition 4.8. Take A e P and let (ii, • • • , i„) = • (1, ■ • • , We cah A' £ P 

an enlargement of X if p(X) = p{X') and X[^ ^ Ka+i ™a^{[fc^](''~ l); -^ia ~^ia+i} 
for any 1 < a < n — 1. 

Note that there always exists an enlargement A' of A. We see that A' £ pC^^'") 
and (A') =0. 

Let us make A' from A applying some Si and uj. 

Proposition 4.9 (enlarging procedure). Tofce A G P and its enlargement A'. Then 

there exists a finite sequence X — i''^^^ ■ ■ ■ , v'^'^^^\ v^-^^ = X' and (i), (ii), or 

(Hi) holds for any < a < N ~ 1: 

(^) z.^'^+i) =cj±ii.(«), 

(ii) = s.i/t'^) and ly'^^'+^'l >- v^''\ 

[Hi) jy^'^+i) — sih'^°'\ ^ and is intertwined with i^^"^. 

We call this sequence the enlarging procedure. 
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Proof. Let (ii, ■ ■ ■ ^ wx ■ {!,■ ■ ■ ,n). Set M, = A- - Aj. Then M^^ - > 
for any 1 < a < n. Note that A^^ is the leftmost maximum component of A. 

Let Ai^ = • ■ • s„_iwsi • • • Sj^_i. Then A^^ A = (Ai, • • • , A^^ + 1, • • ■ , A„) and 
Aj '"A = (Ai,--- , A,;j + — Mi^,--- ,A„). Note that for each step in 

M ■ — A'/ ■ 

A, Sii_iA, • • • , Aij A, • • • , Aj^'^ A, the case (i) or (ii) holds. 

Next, set A^^) = A^^'^^^-^'-A and apply a"'^-^^'^'" to A^^^, Then we obtain 

A^^^ = • • • 1 ^i2^ + ^^22 ~ ■ ■ ■ J '^n Suppose that Siiy and are serial 

elements satisfying SiV ^ in the sequence A'"'^', ■ • • , A'^'. Then we see that Siiy 
and are intertwined. In fact, by the definition of the procedure, we see Vi — Vi+i > 
[fc^](^ — 1). Hence we have Uv{xi/xi+i) ^ 1,*"*=^. Therefore in such a case, (iii) 
holds. 

Inductively, we obtain A^"^^' = (A'j^ — Afj,^, • • • , AJj — Mi^). Similarly, if SiV and 
v are serial elements satisfying siv ^ in the sequence A, • ■ • , A^""^-*, then SiU and 
V are intertwined, and (iii) holds. 

Finally, shift it by w"^^*" and we obtain A'. □ 

Lemma 4.10. Take A G ijC^-'') and its enlargement A'. Then A' is intertwined with 
A. 

Proof. Consider the enlarging procedure A, • • • , A' given in previous 

proposition. 

Let us show that is intertwined with z/^^^ by induction. In the case (i) 

and (iii), they are intertwined. Let us check for the case (ii). Set v = v^"-^ and 
suppose SiV >- V. By the hypothesis of induction, v is intertwined with A. Thus 
we see tt'-'^'''''(t^) — 0. Assume that u^{xi/ XiJ^i) ~ for some d = —1,0,1. Then 
{p{v)i+i — p{v)i, Vi+i — Vi) = {m(k + 1) + (i, m{r — 1)) for some to > 1. Thus v has 
a neighborhood (i + 1, z) of type {rn{k + 1) + d + 1, m(r — 1)). Hence from Lemma 
14.71 V has a neighborhood of type (A; + l,r — 1). However it is inconsistent with 
(jy) — 0. Therefore SiV and v are intertwined. □ 

Using this lemma, we have the following statement. 

Lemma 4.11. Any element in b'^^''^^ is intertwined with each other. 

Proof. Take A, ^ G S^^''"), and let (ii, • • • ,i„) — w\ ■ {\, ■ ■ ■ ,n) and (ji, • • • ,j„) — 
■{!,■■■ ,n). Take M > [^](r - 1) + Ea<6(l^a - A^l + - Then from 
Lemma Fl.lUI we obtain enlargements A' and fi' such that A^^ = p'j^ = nM — aM, A' 
is intertwined with A, and fi' is intertwined with /i. Note that A' is a permutation 
of /i'. Since |A- — A^| and — Mj| > [fc^](?' — 1) for any I < i ^ j < n, we see 
that A' and fi' are intertwined. Therefore A and p are intertwined. □ 

The well-definedness of E\ at 1^ is shown by checking y-eigenvalues: 

Lemma 4.12. Let X e P. If there does not exist fi^ X such that tP^^'iq^ = i/'t^'g^ 
at Ipl, then E\ has no pole at lfl|). 
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Proof. Set Y{w) = X^Hi Yiw"^ and X{w) = X^Hi ^"^^^'9^ 



By the hypothesis, the right hand side does not have a pole at Q for generic w. 
Hence Ex has no pole at Q). □ 

Lemma 4.13. Let tt*^'^''')(A) < 1. Then there is no ii £ P such that fJ- =^ \ and 

Proof. Suppose that there exists such an element ii E P. Let jo be such that 
pWjo = max{p(A), ; p{X)i ^ pifi)i}. 

Let toqi ji a-iid mi be such that p{ti')jo = p{^)jo — rnQ{k + 1), p{n)ji = p{fJ')jo + 
(k + l), and p{p)ji — p{X)ji — mi(fc+l). Note that toq > 1 because of the definition 
of jo- Set m2 = ^^^'l+f ^•'"^ ■ Note that TO2 = mo - mi - 1 > 1. In fact, if mi ^ 0, 
then by the definition of jo, we see that m2 > 1. If mi = 0, then m2 > 0. Since 
Jo 7^ jij we see m2 ^ 0. Hence m2 > 1. 

Then we have \j„ — > m2(r — 1). In fact, if Aj,-, — Aj^ < m2(r — 1), then 
(jo,ji) is a neighborhood of type (m2(fc + 1) + 1, m2(r — 1)) in A. Thus from Lemma 
O we have ji('^''')(A) > 2 and this is inconsistent with '^'^^'''\\) < 1. 

Since tP^f''>q'' = tP'^^'>q^, we see that 

Mji-Mjo ^ (^ji - 1)) - (Ajo -"io(f - 1)) 

Aji - A-,0 + (-mi + mo)(r - 1) 
< (-m2 - mi + mo)(r - 1) 
= r-1. 



Here, if the equality /ij^ — = r — 1 holds, then Xjg — Aj^ = m2(r — 1). Hence we 
see jo < ji. In fact, if jo > ji, then (jo, ji) is a neighborhood of type {m2{k + 1) + 
l,m2(r — 1)) in A. Thus from Lemma [4.71 (j''"'''"' (A) > 2, and this is inconsistent 
with (A) < 1. 

Hence p has a neighborhood (ji, jo) of type (fc + 2,r — 1). From Lemma [4.71 
> 2. Because = t^'^^^g^, we see that A also has two wheels. However 
this is inconsistent with the hypothesis ((('^■'"^(A) < 1. □ 

Lemma 4.14. Let A = (0, M, 2M, ■■■ ,{n~ 1)M) with M > 2[-^](r - 1). Note 
that A G ijC^'^) and ^'•'^'''^(A) — 0. Then the nonsymmetric Macdonald polynomial 
E\ has no pole at IpJ and we have ({uq(E\)) 



k+l 



Proof. From Lemma [4. 121 and 14. 131 we see that Ex has no pole at (QJ. 
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Let US compute (^{uo{E\)). From Lemma [2.31 and [2.41 we obtain uo{Ex) from 
uo{Eq) = 1. Let us find factors of the form _ i). We have 

Wo(^^(0,0,--- ,0,0,(n-l)M)) = Uo(^^(0,0,--- ,0,0,0))ci 



Pq^ - 1 



M-1 1 



P + '^q' - 1 



Wo(£^(0,0,--- ,0,(n-l)Af,nM)) - "o(£^(0,0,--- ,0,0,(n-l)A^))c2 JT P ^-1 



J\/-l 1 



Wo(-£^(0,M,2Af,--- ,(n-l)Af)) — Uo(-E^(0,0,2A/,--- ,(n-l)Af))cTi-l Y\. 



P + ^q' - I 



Pq' - 1 

i=l J=l ^ 



Here, c,; is a factor which does not contain {Pq — 1) with N < M. Hence 

Uo{Ex) = Wo(£^(0,A'/,2Af,--- ,(n-l)Af)) 



1 Af-1 n-l 

t- 

Pq' - 1 



^ n n n ^tt^i^ ^^^^^^^ c^uc^, 



1=1 1=1 j=i 

n-l Af-1 

C 



1 = 1 i=l ^ 



n M-1 I 

nn 



Pq' - 1 



tq^ - 1 
;=2 i=l ^ 

Therefore, the multiphcity of the factor (t'^+^g''^^ — 1) is [-^^]- □ 

Lemma 4.15. For any A G B^^'^\ the nonsymmetric Macdonald polynomial Ex 
has no pole at Q and we have C,{uq{Ex)) = [-^^]- 

Proof. This is clear from Lemma [4. Ill and 14.141 □ 

Lemma 4.16. For fi ^ P, let (ii, ■ ■ ■ , i„) — Wf^ • (1, • • • , n). Suppose that ^ satisfies 
the following condition: 

for some 1 < I < n ~ k, 
, , /i has a neighborhood {ii,ii+k) of type (fc + l,r — 1), and 
\f,,-^,^\>2[^]{r-l) 

for any 1 < i ^ j < n except for (i, j) — (ia, ib) (I < a,b < I + k). 

Note that 'i'-'^'^'Hti) = 1- 

Then, E^ has no pole at Q and C(uo(£'p)) — [jrpi] ~ 1- 

Proof. From Lemma [4.121 and 14.131 we see that E^ has no pole at iQ). 

Let us compute C(wo(£'p)). Fix an enlargement /x' of yit, and consider the enlarg- 
ing procedure. Note that jj'*^'''^ (/i) = 1 and (J'-'^''"'' (/i') = 0. Thus /i and /i' are not 
intertwined. 

Suppose that v and SiV are serial elements in the enlarging procedure such that 
\x and V are intertwined and v is not intertwined with SiV. Then we see that 
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(jy) — 1^ Uv{xi/xi+i) — for some d = —1,0, 1, SiV >- v, and v satisfies tlie 
condition © replaced by u. 

Let us show that u^{xi/ Xi+i) = . Assume that Uu{xi/ Xi+i) = for d = 0, 1. 
Then {p{v)i+i — p{v)i, Vi+i — Vi) = (m(/c+ 1) + c?, ?Ti(r — 1)) for some to > 1. Thus v 
has a neighborhood (i + 1, «) of type (TO(fc+l) + (i+l,TO(r — 1)), and from Lemma 
14.71 V has two neighborhoods of type (/c + l,r — 1). However this is inconsistent 
with (i') = 1- 

Let us show that jj^'^^''' (5^;/) < '^^^'^\v). We have shown that Uv{xi/xi+i) — t^^. 
Then {p{v)i+i — p(i')i, Vi+i — Vi) = {m{k + 1) — 1, m{r — 1)) for some m > 1. Here 
we see to = 1. In fact, if to > 2, then from the relation — Vi = 7n{r — 1) and 
(jnj, we see to > 2[j|^]. Hence p{v)i^i — p{v)i > n. However this is contradiction. 
Therefore v has a neighborhood + of type (fc + 1, r — 1) such that z/^+i — Vi = 
r — 1. Let (j'l, • ■ • , j„) = ■ (1, ■ ■ • ,?^)- Then j; = j + 1 and ji+fc = i for some 
1 < ; < 71 — fc. We see that for some I < a < I + k, J — {ja, ■ ■ ■ ,ji+k,ji, ■ • ■ ,ja-i) 
is a wheel in v. Moreover, by the definition of wheels, SiJ is not a wheel in SiV. 
Therefore from Remark 14.41 we have ^'■''''^\s^ly) < ^'■'''''Hiy). 

Since tt^'^'''^(j^) = 1, we obtain '^^'^''^^Siiy) — 0. Let us show that SiV and p' 
are intertwined. Let ^ and SjS, are any serial elements between SiV and p' in the 
enlarging procedure. If -< ^, then ^ and Sj^ are intertwined. Suppose that 
Sj^ >- £, and = 0. Assume that u^{xj/xj^i) = for some d — —1,0,1. 

Then (p(Oj+i - . Cj+i - Cj) ^ {m{k+l) + d,m{r-l)) for some m > 1. Thus ^ 
has a neighborhood (j + 1, j) of type (TO(fc + 1) + 1, m{r— 1)), and from Lemma 
14.71 ^ has a neighborhood of type (A: + l,r — 1). However this is inconsistent with 
(^^) = 0. Hence ^ and sj^ are intertwined and ii^'^'^\sjS,) — 0. Inductively, we 
obtain that Siiy and p' are intertwined. 

Consequently, we obtain 



CK(Ss..)) - 1 
CK(i?M'))-i 



Now we give a lower estimate of /('^'''). 

Proposition 4.17. For any A G ijC^-'')^ i/ie nonsymmetric Macdonald polynomial 
E\ has no pole at Q). Moreover, E\ specialized at Q) belongs to /('^'''). 

Proof. Let A G B^''''^K Then from Lemma r4.15l the well-definedness of Ex is proved 
and we have ({uq{Ex)) = . 
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Let US show that Ex e Take D > 2(niax,{|Ail} + 1), AI > 2[j^]{r - 1), 

and N > 2M + 2D. Take e S"('=''') satisfying the following condition: 



for some 1 < ^ < ~ fc, 

has a neighborhood of type (fc + 1, r — 1) 

such that - <r-2, and j/if ' - t^f \ > M 
for any 1 < i =^ j < n except for — {ia, ib) {I < a,b < I + fc). 



Here we set (ii, • ■ • ,i„) = w^(o) ■ (1, • ■ • ,n). We see jjC^^''' = 1. Define a finite 
set 

Then from Lemma [4 .161 for any /i G S'(/i*^°^), we see that iJ^ has no pole at and 
C{uo{E^)) = — 1. From the duality relation, we have 

Ut,{Ex) = ——^uo{Ex). 
uo[E^) 

Hence we see that ({U)j,{E\)) > 1. Therefore, from the same argument as Lemma 
I3.1UI we have that Ex specialized at (QJ belongs to □ 



5. Irreducibility of 

In this section, we give an upper estimate of the character of and thereby, 

we show that /('^''') is irreducible. Thus, we will complete the proof of Theorem 

EH 

First, we give an upper estimate of the character of Recall the definition 

of /(fc,'-); 

j(k,r) = for any z G zC^''')} 

where 

such that Zi^^i — Zi^tq^" for 1 < a < fc, 
Z^a *i < - 2, and ia < ia+i if Sa = 0}. 

We define the character of /C^'''') as follows. For any Laurent polynomial / = 
J2x cxx^, we set deg(/) = max{|Ai|; ca / 0, 1 < i < n}. We introduce the filtration 

V^d) = {f eV;deg{f)<d}, 

and define I^^^f = n Vi^d)- 

Let us take the limit u ^ 1. Namely, take Vicg = {/ G V; f is regular at u = 1} 
and let Vq be the image of Vrcg by the speciahzation w = 1. Note that Vq — 
C[x^^, ■ ■ ■ ,2^^^]. Then the ideal reduces to 

^ {/ e Vo; f{z) = for any z G ZC^''')'} 
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where 



such that Zj^ = r^" wforl<a<A: + l 



a.ndO< pa<r- 2}. 

The correspondence between Z'^*^''") and Z'^*^''") is as follows. For z G Z^^''''\ we see 
that 2;j„ = Zi^t°-~^ q^'^^ i-sa-i_ Thus for a e Sfe+i such that < • • • < V(fe+i)) 
we take ja = «<T(a), Pa = Pa-i(i) + -51 + • • • + Sa(o)-i, Pa-i(i) and w satisfying 



Zi^ . We also introduce the filtration 



and set = 7^'^''"^' fl (Vo)((i). Note that the character of the ideal does not 



= {/eVb;deg(/)<d}, 

■)' _ r(fc,r) 

'(d) 

decrease under this limit. Namely dims 7^^^^''^^ < dime 7^^^^'^^ . 

Fix an arbitrary non-negative integer M > and let us estimate the dimension 
of 7j^^^'. We set 7m = 7^^^^', Pm = {A G P; -M < A, < M}, ^^'""^ = SC^^^'oPm, 

and B^'''^ = B('=''')nPM. Consider the tensor algebra T(spanc{ed; -M <d< M}) 
and denote it by Rm- Denote its n-th tensor subspace by RM,n- For simplicity, we 
write • • • ex^ = e^i (8) • • • (S) ex^ and = • • • eA„ . Define 



e{w)M = ^ BdW'^, 



-M<d<M 



then 



e(zi)M • • •e(z„)M = ^ CA^-**. 
We introduce a non-degenerate pairing 

(•, •) : 7?M,n X (Vb)(M) C 

by (eA,a;^) =(5a,^- Then 

{e{zi)M ■ ■ ■ e{Zn)M, f) = .f{zi, ■ ■■ ,Zn) 
for any / G (Vb)(M)- By this pairing, the ideal Im is written as follows: 

Rm^u/ Jm — Im- 

Here, 

iith ik+ith 

Jm = spanc{e(^;i)M • • • e{T^^w)M ■ ■ •e(r^''=+iw)M • • • e(2„)M; 

ii < ■ • • < ife+1,0 <Pi <r - 2,w,Zi G C}. 

Let us give a spanning set of the quotient space RM,n/ Jm- 

Proposition 5.1. A spanning set of Rm^u/ Jm is given by the quotient image of 
the set {e\; A € B^'''^}. In other words, in RM,nl Jm, the image of ex (A € <S'^''"^) 
is written as a linear combination of the image of e^ {n G B^''^^). 
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Proof. First wc calculate elements of Jm- We define some notations. 

K-l = iiVu- ■ ■ , m+i) e Z'^+i;0 < ?7i < r - 2 for 1 < i < fc + 1}. 
For 77 G 'Z'^^l and an integer d ^"L, define 

5(77, d) = {ri' G Z'=+i ; ^ 77i = d, 77^ = 77i mod r - 1}. 

i 

Fix 1 < ji < • • • < jfe+i < n. Then, 

ilfi jk+lth 

e{zi) ■ ■ ■ eirP^w) ■ ■ ■ei^T^'^+^'w) ■ ■ ■ e(z„) 



Here, the last sum runs over rj G Z^l^ , d G Z, /> = (z^i , • • • , ^-j^ , • • • , , • • • , fc'n) G 
Z"-'=-\ and r(j^)^^^d,v is given by 

A 

The sum runs over A G Pm such that {Xj^, ■ ■ ■ , Xj^_^_^) G S{r], d) and A, = Vi for 
i¥= ji,--- ,jk+i- 

Hence in Rm^u/ Jm, 

for any G Z and z> G Z"~'^~^. Since this equality holds for any < 751, • • ■ ,Pfe+i < 
r — 2, we have 

'r{j„).ri.d,0 = 

for any ji < ■ ■ ■ < jk+i, V € I'rtl, G Z, and z> e Z"-'=-i. 

Let us introduce the total ordering on P. For A,/x G P, let (ii,--- ,in) = 
w\{l,--- ,n) and {ji,--- ,jn) = 'fi'/n(l)'"' i^)- We define A >' if there exists 
1 <l <n such that A,^ = jij^ and ia = ia for any 1 < o < / — 1, and Aj, > /x^, , 
or Aj, = /Kj, and < j;. We induce the ordering to monomials. Namely, we define 
ex >' Cfj, if A >' jjL. 

Suppose A G S^^' . Let us rewrite e\ in RM,n/JM as a linear combination 
of greater monomials with respect to >'. Let (ii, • • • , ?'„) = wx • (1, • • • , n) and 
{ii,ii+k) be a neighborhood of type (fc + l,r — 1) in A. Take cr G &k+i such that 
V(0 < ia{i+i) < ■ ■ ■ < ia(i+k) and let A' = {\a{ii),K{ii+i), - ■ ■ ,Kiii+k))- Take 
T] G Z^^J satisfying r]i = A^ mod r — 1, and let d = Yli=i K- Then for any 
T]' G S{t], d) such that rj' ^ A', we have r]' >' A'. Hence we have 

^ = V('a)),r),d,A = + E 

The last sum runs over jj, G Pm such that >' A, {iicr{ii), ■ ■ ■ ,l^cr{ik+i)) ^ S{r],d) 
and /ij = Aj for i ^ i;, • • • , ii+k- 
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Continue this procedure. Because the set Pm is finite, the procedure stops in 
finite times. Therefore for any A £ Sj^j^ , we can rewrite ex as a linear combination 
ofe^ (^ei?!''''^). □ 

As a corollary, we obtain an upper estimate of the character of 

Corollary 5.2. For any M > 0, there exists a spanning set of I^j which is labeled 

Since the upper and the lower estimates coincide, {Ex;X £ ijC^^'')} is a basis of 
j(k,r) ^ Now we are going to finish the proof of Theorem 13. Ill 

End of the proof of Theorem \c).lll Let us show that any non-zero element v S 
j{k,r) jg cyclic. From Lemma f4. 131 all F-eigenvalues in /C^^'') are different. Thus a 
certain Ex (A G B'^^'^^) is contained in Hn'^^v- Take another /i e Then /i 

is intertwined with A from Lemma 14.111 Hence by applying intertwiners A and Bi 
on Ex, the vector E^ is also contained in H^n'^^v. Since [E^] fi G ijC^''')} is a basis 
of /('^'''\ we obtain that v is cyclic. □ 

6. A SERIES OF SUBREPRESENTATIONS DEFINED BY MULTI-WHEEL CONDITION 

In this section, we construct a series of subrepresentations of T-6n'^\ in which 
l{k,r) appears as its member. 

Definition 6.1. Define 

Z^'*") = {z G K"; there exist 1 < ii^a < n and si^a G Z>o 

for 1 < ^ < 771 and 1 < a < fc + 1 such that 
ii^a are distinct, Zj, „+i = Zi, Jq'''-", 
Z]a=i < f - 2, and i;,o-|-l < «/,a if S/,a = 0}. 

We define the ideal 

/(f''-^ = {/ e V^; f{z) - for any z e zi"^'')}. 
We call the defining condition of En ' the multi-wheel condition. 
By the definition, we see that 

... r 7"('=^'') r 7"^'''''^ - T^'''''^ - ... -v 

^ ^mo ^ mo-l-1 ~ mo+2 ^ 



where ttt-o 

(k 

Similarly to the single wheel case, we have an alternative definition of . 

Take A G P and let (zi, • ■ • , z„) = wx ■ (!,•■■ t^i). We say that neighborhoods 
iii,ii+k) and {iv,ii>+k) are distinct if - ,ii+k} and {i;/, • • • 

are disjoint. 

Proposition 6.2. Define the set Sm'^^ — {X E P; X has distinct m neighborhoods 
of type (fc -|- l,r — 1) }. Then the ideal Im'^'^ coincides with 

{/ G V- uxif) = for any X G ^L^'"^}. 
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Proof. It is proved in the same way as the single wheel case. □ 

We have the following theorem. 
Theorem 6.3. The ideal Im'^"^ is a representation ofnin'^\ 

Proof. Similarly to the single wheel case, it is sufficient to show that uj^^f, Tif^ 

T(k,r) 

Take an element / G /^'''^ and an integer N > 2(deg(/) + 1). Let M > 2N + 
2[itt](^-1)- 

Take A^*'^ e Sm'^^ satisfying that «/,fc+i) is a neighborhood of type (fc + 
l,r — 1) for I < I < m, and |A,-°^ — A^^-* | > M for any I < i ^ j < n except for 
(ij) = {ii^a,ii,b) [l <l <m, 1 <a,b <k + l). Note that jjC^^^'HA^")) = m. Define 
a finite set 

S',„(A(°)) = {A e P; < a, - Af ^ < TV for i 7^ ii^a (1 < I < m,l < a < k + 1)}. 

Note that 5,„(A(o)) c st'''^ . 

Then, similarly to the single wheel case, we can show that ux{uj^^f) = u\{Tif) = 
(1 < i < n - 1) for any A e S'™(A(°)), and we see u;=^V, TJe □ 

Conjecture 6.4. The quotient representations Im'^^ / Im-l are irreducible. 

We have the following statement in the case n — k + 1. 

Theorem 6.5. The quotient representation V/l["' is irreducible. For any A £ 
g{n-i,r) ^ i/ie nonsymmetric Macdonald polynomial E\ has no pole at A basis 
ofV/I^^^^'''^ is given by {Ex;Xe .specialized at 0. 

Proof. In the case n = fc + 1, by the definition of wheels, we see that tt("-i''-)(A) < 1 
for any \ E P. Hence from Lemma [4 . 1 2 1 and 14 . 1 31 E\ has no pole at ^ for any 

Since the basis of /j^""^'''-' is given by {E\; A G specialized at we 

see that the basis of y/lj"'^'''^ is given by {Ex; A G 

Let us show that (0, • • ■ ,0) G S'(""i''') is intertwined with any A G S''""^''"^ Fix 
A G 5("-i''') and let (n, ■ ■ ■ ,in) ^ wx ■ (l, ■ ■ ■ ,n). Then A.^ - Ai„ < r - 2, or 
Aij — Ai„ = r — 2 and z„ < ii. 

Suppose that A^^ — A^^ < r — 2. Set = Si - ■ ■ Sn-itosi ■ ■ ■ Si_i. Then A is 
obtained by 

Note that for any serial elements v and SiV in the sequence (0, • • • , 0), • • • , A, we see 
that maxj^jrlli/j — v'jl} <r — 2. Hence u,y{xi/xi-i^i) 7^ l,t^^, and i' is intertwined 
with SiV. Therefore A is intertwined with (0, • ■ • ,0). 

Suppose that A^^ — Ai,^ = r — 1 and i„ < ii. Then by applying uj for some times, 
we obtain A' such that A^^^ — A^^^ < r — 2. Here we use (ji, ■ • ■ , jVi) — wx' • (1, ■ • • ,n). 
Hence A is intertwined with (0, • • • ,0). 

Therefore, from the definition of " intertwined" , we see that Ex is a cyclic vector 
of y//}""^^'^' for any A G S'^"-!'''). □ 
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Combining this theorem and Theorem lH.llI we see that the conjecture is true in 
the case n = fc + 1 . 

Although we do not give a proof here, we can show that I^'^'^ / 1']^''^^ is irreducible 
and it is not F-semisimple. We can also construct an explicit basis of in terms 
of a linear combination of nonsymmetric Macdonald polynomials specialized at Q . 
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